The exact operator solution for quantum Liouville theory constructed for the generic quantum deformation parameter q is extended to the case with q being a root of unity. The screening charge operator becomes nilpotent in such cases and arbitrary Liouville exponentials can be obtained in finite polynomials of the screening charge.
There are mainly two reasons that the investigation of the quantum Liouville theory is particularly interesting and important.
One is related to the fact that it describes the dynamics of the conformal mode of the world-sheet metrics of string theory at off-critical dimensions [1] . Though we do not yet fully understand the subcritical string theory, exact results for 2D quantum gravity coupled to conformal matters have been obtained so far [2, 3] . * The other is that it is an exactly solvable conformally invariant 2D field theory that admits exact operator analyses [5, 6, 7] . One can apply and examine the techniques of 2D conformal field theory [8] for the Liouville theory and obtain, in principle, the exact results for such as the correlation functions including the Liuoville vertices. This program has been vigorousely pursued by Gervais and his collaborators [9, 10, 11] with the guide of quantum group structure of the theory [12] .
In our recent paper [13] we have investigated the Liouville theory based on the canonical free field method [5, 6, 7] and given a proof that the exact operator solution conjectured by Otto and Weigt [7] is correct to all orders in the cosmological constant. The Liouville coupling there is assumed to take generic values such that the quantum deformation parameter q is not a root of unity. The Liouville exponentials become infinite series in the screening charge. This makes further analysis rather complicated. One could develop a systematic expansion by the cosmological constant. This corresponds to treating the cosmological term as perturbation. It is not clear whether this is justified or not. † The situation, however, changes drastically when q is a root of unity. In such cases the screening charge becomes nilpotent and arbitrary Liouville exponentials can be obtained in closed forms as finite polynomials. In this note we will investigate the exact operator solution in such cases by extending the previous results [13] .
Let us begin with a brief review of [13] . It was argued that the canonical transformation from the Liouville field to a free field described by the classical solution can be extended to quantum theory and the exact operator expression for the interacting Liouville field, which satisfies the field equations and the equal-time commutation relations, can be obtained in terms of the free * See recent review articles [4] for subsequent developments. † In the path integral approach most results are obtained by treating the cosmological term as perturbation.
field. Let us consider the Liouville field described by the action
where ϕ(τ, σ) is assumed to be 2π periodic in σ and the Liouville coupling γ is related to the central charge D of the matter sector by 1
. We denote the canonical free field by
and expand it in normal modes as ‡
where we shall impose the standard commutation relations
Then the Liouville exponential for an arbitrary λ can be obtained as power series in the cosmological constant µ 2 as [7] e λϕ(τ,σ) =: e ληψ(τ,σ) :
where S(τ, σ) is the screening charge given by
with P = 1 4 ηγP and ǫ(σ) being the stair-step function defined by ǫ(σ) = 2n + 1 for 2nπ < σ < 2(n + 1)π (n integer). We have introduced free field operator ordering for oscillatory modes and symmetric ordering for Q, P , i.e., : e aQ f (P ) :≡ e 1 2 aQ f (P )e 1 2 aQ . Since the improved stress tensor generating conformal transformations coincides with that of the free field, (4) in this form has a definite conformal weight if η is assumed to satisfy η − γ 2 η 2 8π = 1 so as for the screening charge to be of vanishing conformal weight. We further introduce an effective Planck constant
= η − 1 and the quantum deformation parameter by q = e iπg for later convenience.
The coefficients C m (̟, λ) depend on the zero-mode momentum P without affecting the conformal property and can be uniquely determined by requiring the locality and the field equation. The Liouville exponential (4) is thus explicity obtained as e λϕ = : e ληψ :
‡ Throughout this paper we consider Liouville field in parabolic sector [5] . The zero-mode momentum P is assumed to be hermitian.
where ̟ is defined by P = iγη̟/2. We have introduced q-numbers and q-factorial by
We have also used the screening charge
, which is normalized to satisfy ∂ + ∂ − S =: e ηψ :.
The quantum deformation of the classical Liouville exponential becomes most evident in this form [7] .
For generic values of λ and g, eq. (4) is an infinite series in the cosmological constant.
It reduces, however, to a finite polynomial for J = −λ being nonnegative integers or halfintegers since Γ q (2λ + m)/Γ q (2λ) vanishes for m ≥ 2J + 1. This situation is expected from the classical theory [10] , where the Liouville exponential becomes a finite polynomial related to the (2) symmetry of the classical solution. In quantum theory the U q (sl (2)) quantum group symmetry appears [12] § and (4) is a finite polynomial in such cases as a consequence of the existence of (2J + 1)-dimensional representation of U q (sl (2)).
Such simplification, however, seems to be of no help in discussing the field equation and the canonical commutation relations since to obtain the Liouville field itself we need the Liouville exponential for continuous λ [7, 10] .
In quantum theory there occurs a quite new possibility for g being rational in which the Liouville exponential (4) can be obtained in closed finite form for arbitrary λ. Unlike the cases of negative integer λ, we have no classical analogue for such truncation in (4) since it concerns strictly finite g. ¶ Furthermore, this case is interesting since it can be applied to minimal conformal matter coupled to 2D gravity [8, 2, 3, 4] . To see this let us denote g by a pair of relatively prime positive integers p and p ′ as the ratio g = p ′ /p, then the central charge of the matter sector is given by
This just coincides with that of the (p, p ′ )-model in conformal field theory. Hence the Liouville theory for q being a root of unity can be considered as describing the gravity sector on the minimal model. Conversely, there arise two possibilities g = p ′ /p and g = p/p ′ . for a given § In the scheme of Otto Weight [7] the U q (sl(2)) quantum group structure is somewhat masked due the symmetric assignment of the zero-mode operators as in (2) . It is, nevertheless, posible to find the exchange algebra of ref. [12] in the present approach. The U q (sl (2)) can be seen naturally in the formulation of Gervais and Neveu [5, 12] , where the zero-mode parts of the left-and right-moving free bosons are taken as independent. ¶ Note that g plays the role of effective Planck constant.
(p, p ′ )-model. They correspond to the two branches of η. In the classical limit D → −∞, we expect g → 0. This implies that we must choose g < 1 not to lose the connection with the classical limit. Such restriction, however, is not necessary in the following arguments.
The above possibility that (4) becomes a finite polynomial appears to be contradictory to the fact that the expansion coefficients appearing in (6) are ill-defined for m ≥ p except for the case p = 1 where they are all well-defined. This is not the case, however. As we shall show below, the m-th order power of the screening charge S m is proportional to ([m]!) 2 for generic g.
This factor cancels the ([m]!) −1 in the summand of (6) . As the result, the m-th order term in (6) is proportional to [m]!, which vanishes for m ≥ p(> 1) if g is rational and is given by p ′ /p.
If g is a positive integer or, equivalently, p = 1, we find S 2 = 0.
We first establish the fact that S m is proportional to ([m]!) 2 . We consider the case τ = 0 and 0 < σ ′ < σ < 2π for simplicity, where σ ′ is introduced for later convenience, and define operators as in ref. [13] by
where A's and B's are given by
Q : e
In (9) ψ ± osc stand for the oscillator parts of ψ ± . In terms of these operators the screening charges can be expressed as
As noted in ref. [13] , (8) satisfies the exchange algebra yx = q 2 xy , zx = q −2 xz , wx = q 2 zy = q −2 yz = xw , wy = q −2 yw , wz = q 2 zw .
These can naturally be interpreted as the quantum deformation of the classical Poisson algebra just as for the transition from the quadratic Poisson algebra satisfied by the Bloch wave solutions to their exchange algebra [12] . One can also consider (11) as the q-deformation of the classical relations such as yx = xy, yz = xw, · · ·.
Using (11), one can verify the following expansion
where
is the q-binomial coefficient. This can be shown by mathematical induction. The desired q-factorials can be extracted by rearranging each operators in the rhs of (12) in normal ordered form as
and similar relation for x k z l w m−k−l , where we have chosen σ ′ = 0 for simplicity. From eqs. (12) and (13), one can immediately conclude that S m is proportional to ([m]!) 2 . In particular
With the nilpotency of the screening charge for rational g the Liouville exponential (4) turns out to be well-defined even if the coefficients in (6) are not defined. We thus obtain for g = p ′ /p or q 2p = 1 (p > 1) the Liouville exponential e λϕ = : e ληψ :
The case of p = 1 will be mentioned later. It is straighforward to show that the Liouville field defined from (15) by the derivative with respect to λ at λ = 0 satisfies the field equation 2ϕ + µ 2 e ϕ = 0 [13] .
As for the locality investigated in ref. [13] for generic g, we can extend the arguments presented there for rational g and determine the coefficients C m (̟, λ) (0 < m < p) by imposing the locality constraint for equal-τ Liouville exponentials. They can be shown to be consistent with (6) for 0 < m < p. This is because the Liouville exponential (6) is continuous despite the singularities contained in 1/[m]! for rational g. It is, however, interesting to see the extension of the operator analysis of ref. [13] for rational g and how the locality constrains the coefficients in (4).
We first consider the implementation of the nilpotency of the screening charge in terms of the operators (8) . This can be done by imposing the following relations
which supplement the exchange algebra (11) . These can be seen from (13) and the analogous relations involving z instead of y. Note that (16) holds true also for σ ′ = 0.
The locality constraints [e λϕ(0,σ) , e νϕ(0,σ ′ ) ] = 0 given in ref. [13] are now reduced to
where we have introduced
The summation runs over 0 ≤ m, m ′ ≤ min(J, p−1) with 0 ≤ J ≤ 2(p−1), and 0 < σ ′ < σ < 2π has been assumed. would be used to determine higher order coefficients. In the present case, however, they can be regarded as additional constraints among the coefficients. It is nontrivial that they indeed satisfy these constraints.
As an illustration, let us consider the case of p = 3. There are two expansion coefficients.
They are determined by the relations obtained for J = 1, 2. Due to the nilpotency (16), there arise only four independent operators, xyw, xzw, x 2 w, xw 2 , at J = 3 and only one x 2 w 2 at J = 4. The coefficients of these operators must vanish identically. For instance the coefficients of x 2 w for J = 3 and x 2 w 2 for J = 4 lead to
These are satisfied for q 6 = 1.
The simplest cases occur for p = 1, 2 where S 2 = 0. The Liouville exponential is explicitly
given by e λϕ(τ,σ) = : e ληψ(τ,σ) : 1 − iµ
In particular this reduces to the free field vertex operator for λ = ±1/2, ±1, ±3/2, · · · (p = 1) and λ = ±1, ±2, · · · (p = 2). In general e λϕ reduces to the corresponding free field vertex operator for 2λg being integers as can be seen from (6) for generic values of g.
In conclusion the screening charge operator becomes nilpotent for q being a root of unity, and the exact operator solution to arbitrary Liouville exponentials for generic q can be applied to such cases. They can be obtained in closed forms as finite polynomials in the screening charge.
We can compute explicitly the correlation functions of the Liouville vertices by using the exact solution for rational g. It is very interesting to compare them with the results obtained by path integral approach [14] . Since the central charge of the matter sector coincides to that of a minimal model, one can apply the solution to minimal models coupled to 2D gravity. In particular one can write down any dressing operator [3] exactly without recourse to perturbation in the cosmological term. Since the conformal property of the Liouville exponential (20) is essentially determined by the free vertex operators, our solution will predict the same gravitaional scaling dimensions as in [3] . Computation of other gravitational exponents such as the string susceptibility within the present framework is also interesting [11] . We will discuss these issues elsewhere.
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